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Abstract
We analyze the validity of the theorems concerning the cancellation of the infrared and
collinar divergences in the case of dark matter freeze-out in the early universe. In par-
ticular, we compute the electroweak logarithmic corrections of infrared origin to the
annihilation cross section of a dark matter particle being the neutral component of a
SU(2)L multiplet. The inclusion of processes with final state W can modify significantly
the cross sections computed with only virtual W exchange. Our results show that the
inclusion of infrared logs is necessary for a precise computation of the dark matter relic
abundance.
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1 Introduction
The abundance of cold Dark Matter (DM) in our universe is now experimentally known with a great
precision, ΩDMh
2 = 0.1199± 0.0027, thanks to the Planck satellite recent data [1]. Very significant
and diverse experimental efforts are currently ongoing to identify the nature and the interactions of
the DM particle, other than the gravitational ones, but in spite of this, a convincing signal is still
missing.
A great deal of attention has been recently devoted to the study of the effects of ElectroWeak
(EW) radiation, especially about their impact on the predictions for indirect DM searches [2–14] (for
earlier studies on the impact of gauge boson radiation on DM annihilations or cosmic ray physics,
see [15–17]).
In this paper, we study the effects of EW corrections for DM physics in a different setup, namely
the epoch of DM freeze-out in the early universe, when the DM relic density is established. In
view of the precision on the relic density measurements, several studies have been performed to
refine the theoretical calculations at a level comparable with the experimental uncertainties. For
instance, the radiative one-loop corrections to the DM annihilation cross section have been computed,
especially in the context of supersymmetric DM (see e.g. Refs. [18–22]). These studies are particularly
important in view of the fact that thermally averaged cross section required to reproduce the relic
DM abundance can be calculated with a precision smaller than a few percent, once the relatively
rapid changes (especially during the EW and QCD phase transitions) in the number of degrees of
freedom with the temperature is properly accounted for [23].
The radiation of EW gauge bosons in the annihilation process are typically not considered, relying
on the cancellation of infrared and collinear divergences, after a suitable average over the initial and
final states is performed. What we point out in this paper is that the conditions of validity of the
cancellation theorems are not satisfied if the DM particle belongs to an SU(2)L multiplet, whose
components are not degenerate in mass. In such a situation, we find potentially large corrections of
infrared origin affecting the calculation of the annihilation cross sections, and hence the predictions
for the DM relic abundance.
The paper is organized as follows. In Section 2 we review the cancellation theorems, their
violations and we study the case of DM freeze-out. In Section 3 we present an explicit calculation
of the infrared logs, and show its relevance. Finally, we summarize our main results and draw
our conclusions in Section 4. In Appendix A we explicitly work out the cancellation of collinearly
divergent logarithms, to show how the cancellation theorems work in the case of degenerate states.
2 The violation of the Bloch-Nordsieck theorem for the DM freeze-
out
2.1 The cancellation theorems and their violations
The Kinoshita-Lee-Nauenberg (KLN) theorem [24] states that in a field theory with massless fields
the cross sections are free of both soft and collinear divergences if summed over both final and
initial degenerate states. Here degenerate states are meant to be degenerate in energy (infrared)
and angle (collinear) up to the resolving power of any given experiment. In fact, this cancellation
theorem for the InfraRed (IR) divergences in QED dates back to the pioneering work of Bloch and
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Nordsieck (BN) [25] (see also [26] for the coherent state approach) and successively extended to non
abelian field theories [27]. The IR and collinear divergences manifest themselves as single or double
logarithms of the ratio of the energy scale involved in the hard process over an IR scale and hence
they can generate large radiative corrections.
We will show that potential large logs contributing to DM annihilation processes are partially
cancelled only once one defines appropriate averaged cross sections. The precise relation between
thermally-averaged cross sections and cancellation theorems is our main result.
Let us assume that the DM particle is the electrically neutral Majorana component of a SU(2)L
multiplet χa with hypercharge Y = 0 (for example, the case of a triplet can be the wino in supersym-
metry). Consider now the annihilation processes of the type χaχb → f , χaχb → f +Wf (emission)
and χaχb + Wi → f (absorption), where f stands for a two-particle final state, typically made out
of two fermions. Schematically, the KLN theorem states that the sum∑
a,b
∑
i,f
[∣∣∣M(0) +M(1)∣∣∣2
ab→f
+
∫
(dΠWf ) |M|2ab→f+Wf +
∫
(dΠWi) |M|2ab+Wi→f
]
(2.1)
is free of IR and collinear logarithmic divergences. Here M(0) and M(1) are the tree-level and one-
loop amplitude of the process χaχb → f , respectively, and dΠWi,f indicate the integral measures for
the absorbed and emitted gauge boson, respectively. In other words, the IR and collinear logarithmic
divergences disappear upon averaging over the initial flavor a and the initial degenerate Wi’s in the
initial states, and summing over the final flavor and the final degenerate Wf ’s in the final states. On
the other hand, the BN theorem [27]1 states that the sum∑
a,b
∑
f
[∣∣∣M(0) +M(1)∣∣∣2
ab→f
+
∫
(dΠWf ) |M|2ab→f+Wf
]
(2.2)
is also free of IR divergences when one averages over the initial flavors a in the initial states and
sums over the final flavor and the final degenerate Wf ’s in the final states.
If some of the hypotheses of these cancellation theorems does not hold, their conclusions are
evaded and in general single or double logs (of infrared/collinear origin) will appear in the calculation
of the annihilation cross section. Therefore, when the cancellation theorems are not operative, one
expects corrections (at least) of the order
O
(
N · αW
4pi
· lnn M
2
1
m2W
)
, n = 1, 2 , (2.3)
where N is a numerical coefficient (typically large, as discussed later), αW ≡ g2/4pi ≈ 0.03 and M1
indicates the DM mass, assumed to be much larger than the weak scale M1  mW . Therefore, these
corrections can be large and even reach the order of 100%. So, the crucial question is: under which
circumstances are the cancellation theorems not operative?
One case in which this happens is at the LHC [29]. Indeed, since the colliding initial states carry
a definite non-abelian flavor, EW radiative corrections to inclusive hard cross sections at the TeV
scale are affected by peculiar BN-violating logs [29, 30]. In fact, in such a case, the corrections are
1The above cancellation mechanism was shown to operate in the context of exact non-abelian gauge theories and
later extended to the spontaneously broken abelian [28] and non abelian field theories [29], where different levels of
inclusiveness are possible.
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even the larger one in the estimate (2.3) because the system is highly relativistic and both collinear
and IR divergences are present, leading to double-log ln2(M2/m2W ) enhancement.
Another case where large EW logs enter is in indirect searches for DM, where the relevant
quantities are the energy spectra of final state particles originating from the annihilation of DM
in the Milky Way. These are partially inclusive quantities, as the energy spectra do not involve
integration over the full phase space of final particles, so the total inclusiveness requested by the
cancellation theorems is not respected. Therefore, the final fluxes of stable particles originated by
DM annihilations are strongly affected by the real and virtual emission of W gauge bosons.
Finally, yet another situation where the cancellation theorems fail to screen the logarithmic
corrections is when the initial states are not degenerate in mass. In this case, the average over
the initial flavor upsets the delicate cancellations of logarithms at work when the initial state is
completely mass-degenerate. An example of this situation is the annihilation of DM particles,
belonging to a SU(2)L multiplet, whose components are not degenerate in mass. In the early universe,
around the epoch of the freeze-out of the DM particles when their relic abundance is established,
the violation of the cancellation theorems is also of dynamical type. In order to make the theorems
operative, one should sum over the initial states. However, they can be non-degenerate in mass and
so differently populated in the thermal plasma and differently weighted by an exponential Boltzmann
factor exp(−Ma/T ), where Ma ∼M1 is the mass of the state χa and T ∼M1/25 is the temperature
of the universe around the freeze-out. Conversely, only in the limit where all the particles of the
multiplet which DM belongs to are exacly degenerate in mass, the cancellation theorems apply and
the correction (2.3) is not present. The study of this situation is the central topic of the present
paper.
2.2 EW corrections for the DM freeze-out
Let us elaborate further about the violation of the cancellation theorems in presence of non-
degenerate DM multiplets and the impact this has on the relic density calculation. For definiteness,
let us assume that the DM particle is the electrically neutral Majorana component of a SU(2)L
triplet χa (a = 1, 2, 3) with hypercharge Y = 0. We will work out this example explicitly, but
the conclusions are general and can be translated straighforwardly to any model where the DM
is part of an SU(2)L multiplet. In order to capture the impact of the cancellation theorems in a
model-independent way, we work with an effective field theory Lagrangian, restricting ourselves to
interactions of the DM triplet with the SM left-handed doublet L = (f1, f2)
T . The most general
dimension-six operators are
Leff =
CD
Λ2
δab
(
LγµPLL
) (
χaγµγ5χ
b
)
+ i
CND
Λ2
abc
(
LγµPLσ
cL
) (
χaγµχb
)
, (2.4)
where CD and CND are real coefficients for diagonal and non-diagonal interactions in isospin space,
PR,L = (1± γ5)/2 and σc are the Pauli matrices.
Let us consider the Boltzmann equation describing the number density n =
∑
a na of the particles
3
χa in the plasma
a−3
d(na3)
dt
= −
∑
a,b,f
〈vσab→f 〉
(
nanb − neqa neqb
)
−
∑
a,b,f
〈vσab→f+Wf 〉
(
nanb − neqa neqb
nWf
neqWf
)
= −
∑
a,b,f
(〈vσab→f 〉+ 〈vσab→f+Wf 〉) (nanb − neqa neqb ) , (2.5)
where in the last passage we have assumed that the gauge bosons are in kinetic equilibrium and we
have disregarded the contribution from the absorption of the Wi, which in the Boltzmann equation
is exponentially suppressed compared to the other terms. This is true if we work in the regime
T ∼ M1/25 . mW , i.e. as long as the DM is lighter than a few TeV. Under this approximation
of neglecting the absorption of W from the initial state, the cancellation theorem possibly at work
here is the BN theorem, and evading this theorem would give rise to IR logs.
Upon introducing the quantities [31]
ra =
neqa
neq
=
ga(1 + ∆a)
3/2e−x∆a
geff
, (2.6)
where x = M1/T , ∆a = (Ma−M1)/M1 and geff =
∑
a ga(1 + ∆a)
3/2exp(−x∆a), one can rewrite the
Eq. (2.5) as
a−3
d(na3)
dt
= −〈vσeff〉
(
n2 − n2eq
)
, (2.7)
where
σeff =
∑
a,b,f
rarb
(
σab→f + σab→f+Wf
)
. (2.8)
This object almost contains the expression (2.2), with the crucial difference of the weights ra∑
a,b
∑
f
rarb
[∣∣∣M(0) +M(1)∣∣∣2
ab→f
+
∫
(dΠWf ) |M|2ab→f+Wf
]
. (2.9)
An exactly mass-degenerate DM multiplet would have the same ra, for all a, and the expression
(2.2) would be recovered. Instead, if the masses of the χa particles are different from each other,
the BN theorem is not operative. In particular, if the mass splitting
∆a &
1
25
, (2.10)
(where xf = M1/Tf ' 25 and e−xf ∆a ≤ 1) we expect logarithmic divergences of the form (2.3) to
appear in the computation of the final abundance. Notice that in the cosmological setup only single
logs of IR origin appear, as the initial states are slightly non-relativistic. The reader can find more
details about this point in the Appendix A.
Conversely, in the regime of efficient annihilation ∆a . 1/25 (where e−xf ∆a ∼ 1 − xf ∆a), we
expect that the common computation of the freeze-out abundance of DM is correct up to corrections
at most of the order
O
(
25 ·∆a · N · αW
4pi
· ln M
2
1
m2W
)
. (2.11)
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Cross Section Expected Corrections
2→ 2 with 1-loop radiative corrections αW ln M
2
1
m2W
, αW ln
2 M
2
1
m2W
2→ 2 +Wf , no average over initial flavor αW ln M
2
1
m2W
2→ 2 +Wf , average over initial non-degen. flavor αW ∆a ln M
2
1
m2W
Table 1: EW IR corrections involved into the evaluation of the various cross sections depending on the degree
of inclusiveness. The first line refers to the usual Sudakov logs appearing when virtual corrections are included.
The correction in the second line appears when no average over the initial state is performed, and BN theorem
is evaded. The last correction originates from for the dynamical violation of the IR cancellation provided by
the BN theorem in thermal averaged cross sections, in presence of non-degenerate initial states.
The 2→ 2 cross sections include the EW one loop radiative corrections and are affected by Sudakov
form factor corrections of single and double log size coming mainly from the final state virtual
corrections [32]. The leading double-log corrections are then cancelled by the inclusion of real W
final states that reduce the degree of singularity to single-log factors whose origin can be identified
with a violation of the BN theorem [29] and the fact that the initial states are partially non-
relativistic. Finally, the fact that the DM multiplet contains particles almost mass-degenerate during
the cohannilation processes partially screens the single logs by a further coefficient ∆a [33]. In Table
1 we give schematically the order of magnitude of the IR corrections expected once we compute
different kinds of cross sections involved in the evaluation of the thermal relic abundance for different
levels of inclusiveness.
We stress also that the inclusion, beyond the 2 → 2 processes, of the 2 → 2 + Wf ones, can
induce a drastic modification of the cross sections involved into the annihilation processes. In the
case of the Lagrangian in Eq. (2.4), for example, 2 → 2 processes are proportional always to |CD|2
while the 2→ 2 +Wf are proportional to |CND|2. Such a structural effects are generically included
in the coefficient N ∝ |CD/CND|2 that is potentially very large.
3 An explicit example of IR divergences
In this Section we analyze the relevance of the cancellation theorems from a more quantitative point
of view. For this purpose, we shall retrace the arguments presented in Section 2 considering the
effective Lagrangian in Eq. (2.4) as a benchmark model for the explicit calculations. Moreover - in
order to catch in the simplest way the relevance of the IR corrections - we use throughout this section
the eikonal approximation. This approximation, in fact, controls the long-range dynamic of the soft
gauge boson emission thus providing the best-suited tool for the analysis of the IR singularities.
In more details, the key point of the eikonal approximation is that the exchange of a soft gauge
boson with four-momentum k between two external legs with four-momenta k1,2 is described by the
following integral
LW = −g
2
2
∫
d3k
(2pi)32Ek
(
kµ1
k · k1 −
kµ2
k · k2
)2
. (3.1)
If the two external legs in Eq. (3.1) are both ultra-relativistic, then the value of the eikonal integral
displays the well-known [29, 32] double logarithmic behavior LW = (αW /4pi) ln2(s/m2W ); in this
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kinematical configuration, in fact, both the soft (i.e. when the energy of the emitted gauge boson
approaches zero) and the collinear (i.e. when the momentum of the emitted gauge boson becomes
parallel to the direction of the emitting particle) singularities are available in the phase space. This
simple picture, however, is no longer true for the calculation of the relic density, where we have to
deal with a different kinematic involving non-relativistic DM particles (v2 ∼ 1/4, being v the DM
relative velocity). In this case the exchange of a gauge boson in the initial state produces the eikonal
factor
LW = αW
4pi
4
3
v2 ln
M21
m2W
. (3.2)
The resulting single logarithm in Eq. (3.2) is related to the residual soft singularity, while the collinear
emission is kinematically forbidden. The interested reader can find more details about this point in
Appendix A. Notice that the result in Eq. (3.2) is proportional to the DM relative velocity v because
a particle at rest does not emit.
Let us now start our discussion about the cancellation theorems elaborating in more details the
annihilation processes described by Eq. (2.2). In particular we first analyze the situation in which the
average over the initial flavors is not performed, leading to the violation of the BN theorem [29,30,34].
The annihilation of DM particles in the early universe analyzed in this paper represents a completely
different physical situation; it is interesting, as a consequence, to better investigate how the BN
violation manifests itself in this context. As explained in Section 2, the average over the initial
flavors is not required whenever the thermal history of the decoupling prevents the inclusion of the
co-annihilation processes. In order to match with the formalism elaborated in [29,34], we first define
the following inclusive cross sections
σ0+ ≡ σ(χ0χ+ → f1f¯2) , (3.3)
σ0− ≡ σ(χ0χ− → f2f¯1) , (3.4)
σ+− ≡ σ(χ+χ− → f1f¯1) + σ(χ+χ− → f2f¯2) , (3.5)
σ00 ≡ σ(χ0χ0 → f1f¯1) + σ(χ0χ0 → f2f¯2) , (3.6)
with χ0 ≡ χ3, χ± ≡ (χ1 ∓ iχ2)/
√
2. Using Eq. (2.4) we find
σH0± =
C2NDN
f
Cs[48M
2
1 + s(12 + v
2)]
6piΛ4
√
s2(4 + v2)2 − 256M41
, (3.7)
σH+− =
NfCs{C2D[s(12 + v2)− 48M21 ] + C2ND[48M21 + s(12 + v2)]}
6piΛ4
√
s2(4 + v2)2 − 256M41
, (3.8)
σH00 =
C2DN
f
Cs[s(12 + v
2)− 48M21 ]
6piΛ4
√
s2(4 + v2)2 − 256M41
, (3.9)
where the superscript H indicates that these inclusive hard cross sections are evaluated at the tree
level while for the square of the total energy in the center of mass frame we have s = 4M21 /(1−v2/4).
The color factor NfC is equal to 3 (1) for final state involving quarks (leptons). Considering the
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expansion vσHij = aij + bijv
2 +O(v4), and dropping terms O(v4), we find
vσH0± =
2M21C
2
NDN
f
C
piΛ4
(
2 +
v2
3
)
, (3.10)
vσH+− =
2M21N
f
C
piΛ4
[
2C2ND +
v2(CD + C
2
ND)
3
]
, (3.11)
vσH00 =
2M21C
2
DNCv
2
3piΛ4
, (3.12)
where in particular the p-wave behavior of vσH00 becomes evident. Notice that these cross sections
satisfy the sum rules dictated by the SU(2)L invariance [34], namely σ++ = σ−−, σ0+ = σ0−,
σ00 = σ++ + σ+− − σ0+, where in this particular case σ±± = 0. The inclusion of the one-loop
electroweak IR corrections changes the tree level cross section σH00 into its “dressed” form [34]
σ00 = σ
H
00 − 4 (σH+− − 2 σH3+)LW , (3.13)
with LW given in Eq. (3.2). This extremely concise formula contains the sum of real and virtual IR
corrections to the DM annihilation cross section, and the logarithmic dependence is the trademark
of the BN violation. Defining ∆σ00 ≡ σ00 − σH00, and using for the DM relative velocity at the
freeze-out the value v2 ∼ 1/4 we find the relative correction
∆σ00
σH00
=
(
σH0+
σH00
− 1
)
αW
4pi
4
3
ln
M21
m2W
. (3.14)
The BN-violating IR corrections always enhance the tree level cross section σH00 if σ
H
0+ > σH00; consid-
ering the analytic expressions given in Eqs. (3.10, 3.12), this remains true as long as CND/CD & 0.2.
We show the ratio ∆σ00/σ
H
00 in Fig. 1 as a function of the DM mass considering three different
benchmark values for the coefficients of the effective Lagrangian in Eq. (2.4), CND/CD = 1, 4, 10.
For a TeV-scale DM particle the effect of the BN-violating IR corrections can easily reach the 50%
level. Even in this simple example, therefore, we can fully appreciate the considerable impact of
these corrections. Bearing in mind that the one-loop virtual corrections always lead to a suppression
of the cross section, in fact, the inclusion of the real emission processes drastically overturns this
scenario: the net effect of the radiative corrections becomes positive, increasing the DM annihilation
rate. This shows that the violation of the BN theorem may lead to corrections much larger than
those analyzed, for instance, in Refs. [18–22] for the supersymmetric DM and where corrections to
the DM density of at most 10% were found.
Given the astonishing precision reached for the experimental measurement of the physical density
of cold DM in the universe (ΩDMh
2 = 0.1199±0.0027 [1]), a careful treatment of these corrections is
mandatory. Such corrections have to be added to those recently pointed out in Ref. [23], originating
from a proper consideration of the temperature dependence of the number of degrees of freedom,
which also can be of the order of 60%.
We stress once again that, beyond the toy model used for illustrative purposes in this paper, the
only ingredient needed for the computation of these corrections is the isospin quantum number of
the DM multiplet together with the eikonal integral in Eq. (3.2).
Let us now move to discuss in more details the situation in which the co-annihilation processes
become important. In this case the necessity to perform the average over the initial flavors washes
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Figure 1: BN-violating IR corrections to the annihilation cross section σ00 defined in Eq. (3.6). We
plot the relative correction ∆σ00/σ
H
00 in Eq. (3.14) as a function of the DM mass for three different
values of the ratio CND/CD.
out the logarithm in Eq. (3.13) as a consequence of the BN theorem. Nevertheless, as explained in
the previous Section, a residual logarithmic correction proportional to the mass splitting ∆a survives.
This correction, whose magnitude is estimated in Eq. (2.11), originates from the different Boltzmann
weights that affect each component of the DM multiplet in the thermal bath, and formally violates
the BN theorem.
Moreover, the isospin-breaking terms that lift the degeneracy in the DM multiplet are by them-
selves a possible source of BN violation. Besides the corrections of dynamical type in Eq. (2.11),
therefore, one should include also these isospin-breaking effects. However, it is possible to show that
the latter are sub-leading if compared to the former. To be convinced, one can account for the mass
splitting effects introducing the following improved eikonal current Jµeik,∆ (see [33])
Jµeik = g
kµ
p · k =⇒ J
µ
eik,∆ ≡ g
(2kµ +M1∆aγ
µ)
2p · k , (3.15)
describing the emission of a soft gauge boson with four-momentum k from an initial DM particle
with four-momentum p. An explicit calculation shows that the residual logarithmic corrections arise
from the diagrams involving only emission from the initial states,2 and that their explicit form has
the following structure
O
(
∆2a · N ·
αW
4pi
· ln M
2
1
m2W
)
, (3.16)
thus producing a sub-dominant effect if compared to the thermal correction in Eq. (2.11).
Let us now close our discussion with a final comment. Considering the annihilation of DM
particles, the Sommerfeld enhancement might play a relevant role. In a nutshell the Sommerfeld
enhancement is a non-relativistic effect generated by the exchange of light force carriers between
2In particular we find that the corrections proportional to the mass splitting coming from the interference between
initial and final legs cancel out.
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the incoming DM particles, resulting in the possibility to form a resonant bound state. Using a
non-relativistic resummation technique, it has been shown [35] that this enhancement can affect also
the calculation of the relic abundance, leading in some cases to a reduction of 50% (see also [10,36]).
However, relying on the creation of a bound state, the Sommerfeld enhancement must fulfill two
special conditions in order to reach such large values. Describing the exchange of massive W bosons
with a Yukawa potential,3 the first condition is that the range of this interaction is larger than the
typical Bohr radius of the system consisting of the two DM incoming particles. This request is
achieved whenever αWM1 & mW , namely, being αW ≈ 0.03, for a TeV-scale DM particle. More
importantly, the characteristic energy of the interaction must be larger that the kinetic DM energy.
This second prerogative leads to the condition v . αW . This inequality can be easily satisfied in the
present-day annihilations (v ∼ 10−3), but it seems very unlikely in the early universe (v ∼ 1/2). The
large corrections quoted above, in fact, can happen only in presence of a state slightly heavier than
the DM particle. This state can therefore be produced by the incoming DM particles with almost
zero velocity, allowing the possibility to generate the Sommerfeld enhancement. More quantitatively,
this condition reads 2∆a . α2W + v2/4, where the r.h.s. follows from the sum of the characteristic
Bohr energy of the potential and the collision energy of the two DM particles. Using v ∼ 1/2 we
have ∆a . 1/30. As noticed in Section 2.2, the reader should also keep in mind that, being a virtual
effect, the Sommerfeld enhancement is always proportional to |CD|2. Notice also that in the case of
scalar DM, the operators controlling the mass splitting within the multiplet are generically of lower
dimension than for fermion DM, so one expects ∆a to be larger for scalar DM than for fermion DM.
All in all, a complementarity between the Sommerfeld enhancement and the IR corrections arises.
On the one hand, in presence of a small mass splitting between the component of the DM multiplet,
the IR corrections are screened by the BN theorem thus affecting the Sommerfeld enhancement only
with the residual BN-violating log in Eq. (2.11). On the other hand, we argue that in presence of
a large mass splitting the BN-violating IR corrections described in this paper will be the dominant
effect.
4 Conclusions
In this paper we have discussed the important role of EW corrections for the calculation of the DM
relic abundance. In fact, the cancellation theorems which prevent log corrections to appear when
computing annihilation cross sections with the inclusion of gauge boson emission, may be evaded.
In the situation described as follows
• the DM particle is the electrically neutral component of a SU(2)L mutliplet, whose components
are not degenerate in mass;
• the DM mass M1 is much heavier than the weak scale M1  mW ;
• the relative mass splitting within the multiplet is sufficiently large ∆a = (Ma−M1)/M1 & 1/25
we have found that the cancellation theorems are not operative and there are potentially large
corrections to the DM relic abundance.
3In order to allow a clear and immediate comparison with the situation analyzed in this paper, we focus our
discussion on the case in which the Sommerfeld enhancement is primed by the exchange of SM gauge bosons rather
than new dark mediators, see Ref. [37].
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For instance, for a TeV-scale DM particle the effect of the BN-violating IR corrections can
easily reach an enhancement of the 50% level (see Fig. 1). These corrections have to be added
to those due to the entropy changes not considered in this work, e.g. due to the QCD transition
from deconfinement to confinement, mass-generation above the electroweak scale, and other possible
transitions recently analyzed in Ref. [23], in which the change in the number of degrees of freedom
give corrections that can be of the same order of the ones considered here. Therefore, in the era of
precision cosmology where the energy density of cold DM in the universe is measured at the percent
level, reliable calculations of the DM relic abundance need to take these effects into account.
Acknowledgments
ADS acknowledges partial support from the European Union FP7 ITN INVISIBLES (Marie Curie
Actions, PITN-GA-2011-289442). The work of AU is supported by the ERC Advanced Grant
n◦ 267985, “Electroweak Symmetry Breaking, Flavour and Dark Matter: One Solution for Three
Mysteries” (DaMeSyFla). The work of AU is dedicated to Francesco Caracciolo.
A Cancellation of divergences for mass-degenerate states
In this Appendix we explicitly work out the calculation of the cancellation of the collinear divergent
logarithms, to show how the cancellation theorems work in the case where the DM belongs to a
multiplet whose states are degenerate in mass. For simplicity, we consider only the non diagonal
term in the Lagrangian of Eq. (2.4):
Leff,ND = i
CND
Λ2
abc
(
LγµPLσ
cL
) (
χaγµχb
)
. (A.1)
Collinear divergences arise when the scalar product k · p goes to 0, where k is the momentum of the
W emitted or exchanged in the loop, and p is the momentum of one of the two final state leptons. In
the non-relativistic limit for the initial state DM particles we expect no collinear divergence. Indeed,
if k1 is the momentum of the DM particle and M is the common mass of the DM multiplet, we have
kµ1 ' (M, 0, 0, k1) , kµ ' (k, k sin θ, 0, k cos θ) , (A.2)
with M  k1, k. The scalar product is then
k1 · k 'Mk + k1k cos θ , (A.3)
that if k 6= 0 is non zero for every value of the angle θ.
For what concerns the emission of a W in the final state, we already know that the divergences
coming from this effect are cancelled by those coming from the exchange of a W between the two
final state legs. Since, as we showed, there is no collinear divergence from initial state radiation, the
only non trivial point is the cancellation of divergences in the interference between initial and final
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Figure 2: Feynman diagrams corresponding to the scattering amplitudes in Eqs. (A.4-A.6).
state radiation. To do this, we define the three amplitudes
M(1)1 ≡
g2CND
2Λ2
aecbdc
∫
d4k
(2pi)4
{
(gαβ − kαkβ/m2)
(k2 −m2) v¯(k2)γ
µ (/k1 − /k +M)
[(k1 − k)2 −M2]γ
αu(k1)
× u¯(p1)γβ
(/p1 − /k)
(−p1 · k +m2)γµσ
dσePLv(p2)
}
, (A.4)
MISR1 ≡ −
igCND
Λ2
acecdbv¯(k2)γ
µ (/k1 − /k +M)
[(k1 − k)2 −M2]/
∗(k)u(k1)u¯(p1)γµPLσev(p2) , (A.5)
MFSR1 ≡
gCND
2Λ2
v¯(k2)γ
µu(k1)u¯(p1)/
∗(k)
(/p1 + /k)
(2p1 · k +m2)γµ[abd + iδbdσ
a − iδadσb]PLv(p2) ,
(A.6)
where m is the W mass. The corresponding Feynman diagrams are shown in Fig. 2. Because of the
Lorentz structure of the diagrams, to show that the cancellation holds, it is sufficient to show that
M(0) ·
(
M(1)1
)∗
+MFSR1 ·
(MISR1 )∗ (A.7)
has no logarithmic collinear divergences. The divergences coming from the other similar diagrams
will cancel in the same way. In the rest of this appendix we compute separately the two terms using
the collinear approximation and show that their sum is indeed finite.
A.1 The amplitude of the 2→ 3 process
The amplitude of the 2→ 3 process reads
MFSR1 ·
(MISR1 )∗ = −2ig2C2NDΛ4 ∗αβ v¯(k2)γµu(k1)
× u¯(p1)γα /
p1 + /k
2p1 · k +m2γµ [abd + iabf gdfσ
g]PLv(p2)
× aecbdcv¯(p2)σeγνPLu(p1)u¯(k1)γβ
/k1 − /k +M
(k1 − k)2 −M2γ
νv(k2) . (A.8)
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The SU(2)L indices give∑
c
abdaecbdc = abd(δabδde − δadδbe) = 0 , (A.9)∑
c,e,d,f
abf gdf aecbdcσ
gσe = (δagδbd − δadδbg)(δabδde − δadδbe)σgσe
= δabδbdσ
aσd − δabδadσbσd − δadδbdσaσd + δadσbσb
= −δadδbdσaσd + δadσbσb =
{
0 when a = b = d
1 when a = d 6= b , (A.10)
so that (A.8) does not vanish only for a = d 6= b, and in this case we obtain
MFSR1 ·
(MISR1 )∗ = 2g2C2NDΛ4 ∗αβ v¯(k2)γµu(k1)u¯(p1)γα /p1 + /k2p1 · k +m2γµPLv(p2)
× v¯(p2)γνPLu(p1)u¯(k1)γβ
/k1 − /k +M
(k1 − k)2 −M2γ
νv(k2). (A.11)
Summing over spin and polarization states we get〈
MFSR1 ·
(MISR1 )∗〉 = −g22 C2NDΛ4 12p1 · k +m2 1(k1 − k)2 −M2
(
gαβ − kαkβ
m2
)
× tr
[
γµ(/k1 +M)γ
β(/k1 − /k +M)γν(/k2 −M)
]
× tr
[
/p1γ
α(/p1 + /k)γµ/p2γνPL
]
. (A.12)
To compute the cross section we have to integrate Eq. (A.12) with the measure
d3p1
(2pi)32E1
d3p2
(2pi)32E2
d3k
(2pi)32Ek
δ4(Pin − p1 − p2 − k) , (A.13)
where Pin is the total momentum of the initial state. We want to factorize the d
3k integral using
the collinear approximation. In order to do so, we multiply the measure in Eq. (A.13) by a factor
of 1 =
∫
d4p δ4(p− p1 − k), so that we have∫
d3p2
(2pi)32E2
d3p1
(2pi)32E1
d3k
(2pi)32Ek
[∫
dp0δ(p0 − p01 − k0)d3pδ3(~p− ~p1 − ~k)
]
δ4(Pin − p1 − p2 − k) .
(A.14)
Now we integrate over dp0 and over d3p1 using the first two Dirac deltas to get∫
d3p2
(2pi)32E2
d3k
(2pi)32Ek
d3p
(2pi)32|~p− ~k|
δ4(Pin − p1 − p2 − k) . (A.15)
Finally using the collinear approximation ~k ≈ x~p we obtain the factorized measure∫
d3p
(2pi)32E
d3p2
(2pi)32E2
δ4(Pin − p− p2) d
3k
(2pi)32Ek
(
1
1− x
)
. (A.16)
The d3k integral can be written in spherical coordinates, using the collinear approximation, as∫
d3k
(2pi)32Ek
=
∫ |~k|2dk sin θdθdφ
(2pi)32Ek
≈ 1
2
∫ 1
0
dxx
∫ +1
−1
d(cos θ)
∫ 2pi
0
dφ . (A.17)
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In the collinear limit the traces become
(1− x)
(
gαβ − x2 pαpβ
m2
)
tr
[
γµ(/k1 +M)γ
β(/k1 − x/p+M)γν(/k2 −M)
]
tr
[
/pγ
α(/p)γµ/p2γνPL
]
,
(A.18)
which, using p2 = 0, reduces to
64(1− x)k1 · p
[
(k1 · p)(k2 · p2) + (k1 · p2)(k2 · p) +M2p · p2
]
. (A.19)
In the non-relativistic limit for the two DM particles, we can take k1 = k2 = (M, 0, 0, 0). Then
p = (M, 0, 0,M) and p2 = (M, 0, 0,−M), and Eq. (A.19) gives simply 256(1− x)M6. We have then〈
MFSR1 ·
(MISR1 )∗〉 ; −16g2C2NDΛ4 M8(2pi)3 (A.20)
×
∫ 2pi
0
dφ
∫ +1
−1
d(cos θ)
∫ 1
0
dx
x
(2p1 · k +m2)[(k1 − k)2 −M2] ,
where with the symbol ; we mean that we consider only the collinear divergent part.
The three vectors k, p1 and p2 can be parametrized as
k =
(
xE,
√
x2E2 −m2 sin θ cosφ,
√
x2E2 −m2 sin θ sinφ,
√
x2E2 −m2 cos θ
)
, (A.21)
p1 =
(
yE,−
√
x2E2 −m2 sin θ cosφ,−
√
x2E2 −m2 sin θ sinφ,
√
y2E2 − (x2E2 −m2) sin2 θ
)
,
(A.22)
p2 = (zE, 0, 0,−zE) . (A.23)
Ignoring the W mass, at order θ2 the scalar product k · p1 is equal to
k · p1 ' x
2(1− x)E
2θ2 . (A.24)
We substitute in the integral the expressions
2p1 · k +m2 −→ x
1− xM
2θ2 +m2 , (A.25)
(k1 − k)2 −M2 −→ 2xM2 +m2 , (A.26)∫
d(cos θ) −→
∫
θdθ , (A.27)
so that〈
MFSR1 ·
(MISR1 )∗〉; −64g2C2NDΛ4 M8(2pi)2
∫ 1
0
dx
∫ 2pi
0
dθ
θx(
x
1−xM
2θ2 +m2
)
[2xM2 +m2]
. (A.28)
The dθ integral is
1
2
∫ 2pi
0
dθ2
x
1−xM
2θ2 +m2
=
1− x
2xM2
log
(
1 + pi2
x
1− x
M2
m2
)
(A.29)
and therefore, keeping only the collinear log-divergent part, we obtain
〈MFSR1 ·
(MISR1 )∗〉; −32g2C2NDΛ4 M6(2pi)2
(∫ 1
m/M
dx
1− x
2xM2 +m2
)
log
(
M2
m2
)
. (A.30)
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A.2 The amplitude of the 2→ 2 process
The amplitude of the 2→ 2 process reads
M(0) ·
(
M(1)1
)∗
= −2g2C
2
ND
Λ4
abf aecbdcv¯(k2)γ
νu(k1)u¯(p1)γνPLσ
fv(p2)
×
(∫
d4k
(2pi)4
gαβ − kαkβm2
k2 −m2 + i v¯(k2)γ
µ /k1 − /k +M
(k1 − k)2 −M2 + iγ
αu(k1)
× u¯(p1)γβ /
p
1
− /k
(p1 − k)2γµσ
dσePLv(p2)
)∗
. (A.31)
In SU(2)L space we have
aecbdcabf = (δabδde − δadδbc)abf = −δadδbcabf , (A.32)
that is non-zero only for a = d 6= b; therefore we get
M(0) ·
(
M(1)1
)∗
= +2g2
C2ND
Λ4
abf
×
∫
d4k
(2pi)4
(
gαβ − kαkβ
m2
)
1
k2 −m2 − i
1
(k1 − k)2 −M2 − i
1
(p1 − k)2 − i
× v¯(k2)γνu(k1)u¯(k1)γα(/k1 − /k +M)γµv(k2)u¯(p1)γνPLσfv(p2)
× v¯(p2)γµ(/p1 − /k)γβPLσbσau(p1) . (A.33)
Since a, b are different, σbσa = −iabcσc. There is only one possible value for c and f must be equal
to it. We can therefore write σbσa with −iabfσf (without sum over f); this multiplied by the other
abf gives (abf )
2 = 1. In the SU(2)L space we have
v¯(p2)iσ
f
iju(p1)j u¯(p1)jσ
f
jiv(p2)i , no summation over indices, (A.34)
where the value of the indices i, j is fixed by the final state. Since σfijσ
f
ji = 1 we can simply forget
about the σ matrices in Eq. (A.33). We have then (after summing over spin states)〈
M(0) ·
(
M(1)1
)∗〉
= − i
2
g2
C2ND
Λ4
∫
d4k
(2pi)4
(
gαβ − kαkβ
m2
)
× 1
k2 −m2 − i
1
(k1 − k)2 −M2 − i
1
(p1 − k)2 − i
× tr
[
γµ(/k1 +M)γ
β(/k1 − /k +M)γν(/k2 −M)
]
× tr
[
/p1γν/p2γµ(/p1 − /k)γβPL
]
. (A.35)
We now have to perform the dk0 integral using the Cauchy formula. The three factors in the
denominator coming from the three propagators give six poles in the complex plane. Since we are
interested only in the part that is divergent for p1 · k → 0, we can consider only the poles coming
from the propagator of the W , ignoring the others. Closing the contour of integration in the upper
or in the lower semi-plane, we get∫
d4k
(2pi)4
1
k2 −m2 − i
→0
= i
∫
d3k
(2pi)3
1
2Ek
, (A.36)
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so that〈
M(0) ·
(
M(1)1
)∗〉 ≈ 1
2
g2
C2ND
Λ4
∫
d3k
(2pi)3
(
gαβ − kαkβ
m2
)
1
2Ek
1
(k1 − k)2 −M2
1
(p1 − k)2 ×
× tr
[
γµ(/k1 +M)γ
β(/k1 − /k +M)γν(/k2 −M)
]
× tr
[
/p1γν/p2γµ(/p1 − /k)γβPL
]
. (A.37)
If we define x as in the previous subsection, in the collinear limit we have k ≈ xp1 with p1 ≈
(E, 0, 0, E) and p2 ≈ (E, 0, 0,−E) where 2E is the center of mass energy. The traces become then
(1− x)
(
gαβ − x2 p1αp1β
m2
)
tr
[
γµ(/k1 +M)γ
β(/k1 − x/p1 +M)γν(/k2 −M)
]
tr
[
/p1γ
α(/p1)γµ/p2γνPL
]
,
(A.38)
that is the same expression obtained in the previous subsection. In the non-relativistic limit we get
simply 256(1− x)M6.
The integral in d3k can be written in spherical coordinates in the same way as before. Notice
that, despite the fact that in a loop integral one should integrate over alla momenta up to +∞, here
the dx integral goes from m/M to 1. Physically this is due to the fact that, integrating around the
W propagator poles, we are putting the W on-shell. Then this W behaves like a physical particle,
and its momenta cannot be greater than the initial energy. The final result is then〈
M(0) ·
(
M(1)1
)∗〉
; 64g2
C2ND
Λ4
M8
(2pi)3
∫ 2pi
0
dφ
∫ +1
−1
d(cos θ)
∫ 1
0
dx
x(1− x)
(2p1 · k +m2)[(k1 − k)2 −M2] .
(A.39)
In function of x, θ and φ, k is parametrized as
k =
(
xE,
√
x2E2 −m2 sin θ cosφ,
√
x2E2 −m2 sin θ cosφ,
√
x2E2 −m2 cos θ
)
. (A.40)
Ignoring the W mass, at order θ2 the scalar product k · p1 becomes
p1 · k = 1
2
xE2θ2 , (A.41)
so that〈
M(0) ·
(
M(1)1
)∗〉
; 64g2
C2ND
Λ4
M8
(2pi)2
∫ 1
m/M
dx
∫ 2pi
0
dθ
θx(1− x)
(xM2θ2 +m2)(2xM2 +m2)
. (A.42)
Performing the dθ integral we obtain〈
M(0) ·
(
M(1)1
)∗〉
; 32g2
C2ND
Λ4
M6
(2pi)2
∫ 1
m/M
dx
{
1− x
2xM2 +m2
log
(
1 + pi2x
M2
m2
)}
. (A.43)
The collinear log-divergent part is
〈
MFSR1 ·
(MISR1 )∗〉; 32g2C2NDΛ4 M6(2pi)2
(∫ 1
m/M
dx
1− x
2xM2 +m2
)
log
(
M2
m2
)
(A.44)
that exactly cancels with (A.30).
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